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ABSTRACT

An explicit bound is given for a solution of the DOL sequence
equivalence problem; that is, given two DOL systems G1 and GZ’ we
compute explicitly a positive integer constant C(Gl’Gz) such that
the sequences generated by G1 and G2 are equal if and only if the

corresponding first C(Gl’GZ) elements of the sequences are equal.






INTRODUCTION:

The DOL sequence equivalence problem was first solved in
[CF]. In [ER] a considerably simplier solution of this problem is
presented. In this note we show that the solution method from [ER
allows one to compute the explicit bound on how long one has to com-
pare two DOL sequences before deciding whether or not they are equal.
It seems that the method from [CF] does not allow one to compute
explicitly such a bound.

This note is a companion of [ER] in the sense that it assumes
the thorough familiarity with [ER] and it uses the terminology and
the notation from [ER]. The only additional notation we need is
that of maxr h which for a homomorphism h on z* stands for

max {| o] :h(b) = o for a Tetter b in = }.



THE RESULT

First of all we need the following lemma.

Lemma. Let Gy = (z, hl,(u) and G, = (s, hys w) be two ele-
mentary DOL systems with E(Gl) = wél), wfl), ... and E(Gz) =
méz), w§2), v o« Letn=4#2, m=max{maxr h

, — 1
r be the constant separating short states from long states in

» maxr h,}, s = lw],

Ah h (it is called "o in point (iii) of the proof of Lemma 3
1772
. ’ +
in [ER]) and Tet g = 2 - n". Let ¢ be a function from Nt into N de-
o onex .
fined by ¥ (x) = s - m" + x. Then E(Gﬁ) = E(Gz) if and only if
o o | ,Mmf,,qk,
méi) = w§2) for 0 i<y where u = (¥9(q))" " ¥ (a).
Proof.
It suffices to show that if wél) = wéz) then for every v = u,
(1) _ (2)
wv = U)v .
Let B, B,, ... be a sequence approximating A defined
1 2 hi h2
as follows (recall that Ah ho= Aél)k , Aéz)h s el ).
1,2 1,72 1,72

(1). B, = Aél)h » 1.e., it consists of all the short states of Al h
- 1,2 1,72

(2). Let w(l) be the first element of E(Gl) that does not belong to

Ky
T(B,). Assume that w(l)’s MID (h, ,h,) and let B, results from B, by
1 k1 172 2 1
adding to it a path from A traversed by w(l).
hy,ho K1

(3). In general, for i = 1, let mél) be the first element of E(Gl)
i

which do not belong to T(Bi) and Tet (assuming that wél) € MID(hl,hz)
i

B1.+1 results from Bi by adding to it a path from Ah h traversed

(1) e
1
by wki .



If E(Gl) = E(GZ) then there exists an.£.such that L(Gl) = T(Bﬁ);

in the "worst case" B, will be such that T(b,) = MID(hl,hz). Let us
estimate £ first.

(i). 2 <2 en',

Proof of (i).

Note that in Ah h each short state which has a transition to
1,2

a long state and can lead back to a short state gives rise to a unique

trace (path) in Ah o Hence the number of these paths is bounded
13 2

by the number of short states which is clearly bounded by 2 -nr. But
each Bi+1 results from B_i by adding one such path to Bi‘ Hence the
bound.

Let d(Bi) denote the number of states in B..
(i1). d(B;) <2-n".

Proof of (ii).

Obvious.

(111). Kk, <d(B)" d(B;)

Proof of (iii).

Let us consider the sequence of automata i = Bi’ (Bi)h"
(Bi)hz » ... (see the notation from the proof of Theorem 6 in [ER]).

Then ks is the smallest integer j such that w ¢ T((Bi) J.). However, the
h
1

number of all different automata in the sequence T cannot exceed

d(s.)n - d(8;)

j and hence the bound.

< sem g - d(B.).

(iv). d(B,,,) < 1

Proof of (iv).

Going from Bi to Bi+1 we get wki to be in T(Bi+1)' In other
words Wy gives rise to a trace starting with i then coming to a
i



short state from which a unique path leads through the sequence of
Tong states (which were not in Bi 1) and come back to a short state

(which was 1in Bi)' Thus we added no more than l“)k | new states to Bi
i

k.
. i
to obtain B, ,. Hence d(Bi+1),s lwkil + d(Bi)' But lwkiygs - m
K.

~and 50 d(B. ;) < s-em '+ d(Bi)’

i+l
Combining this with (iii) we get

. d(B,
d(Biyp) < 5 - KBS d(B;).

(v). Now we complete the proof of the lemma as follows.

From (iv) we have that d(B,,;) = ¥ (d(B;)), hence from (i) it follows

: 2 -nr r
that/d(Bﬁ) <y (2.n). "
V 2.n" pon eyl ol (2+n")
Then from (iii) it follows that K@ < (v (2.n"))
él) £ T(BK) if and only if wél) e T(A ) if and only
2-1 £-1 2
(1)

if for every v = kﬂ~1’ wv‘ ) if and only if for every
2

But clearly w h. h
1,

e T(A
hl,h

Hence the Temma holds. [J

1]

(Z,hz,w) be two DOL sys-

Theorem. Let G, = (Z,hl,w) and GZ

1

‘ : (1) (1) ~ oo (2) 0 (2)
tems with E(Gl) wy s wpte.. and E(GZ) =g s wp s eee o Let
- 2" 2"
n=#3s,m=mx {(maxr hl) , (maxr h2) IR
- on on -
s = max { Ihl (0) |, lhz (w)]}, r is defined analogously to the way

that r is defined in the statement of Lemma 1 except that one re-

n n — 3
places hy by h% and h, by hg and Tet 9 = 2-n' . Let ¥ be a function

+ + . — X
from N into N defined by ¥ (x) = s « m + x. Then E(Gl)

E(Gz) if and only if wgl) = w§2) for 0 <i<u where



5 q
-9 _ o .v U=
u= @ @)Y (@
Proof.
This follows directly from our Lemma 1, Theorem 6.2 and its

proof in [ER] and from Lemma 7.1 in [ER]. O

Remark. Clearly, we realize that the explicit bound we provide
is "awfully big." The aim of this note was to show that the method of
solving the DOL equivalence problems presented in [ER] allows one to
compute such a bound. One should remind here that the common conjecture
is that such a bound equals 2n where n is the size of the alphabet

involved (see, e.g., [S]).
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