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Scme observetions sre usde on steps o be taken Coward the crestion
of better maethmiatical softvare. These cieps suggest the need for s
coordineted effort and the crestion of & center to foous activities in
this area.
KPY WORDS AND FHRAKES wathenallcal softwere, programing.
CR CATEGCRIES .0 j -
IRTRODUCTION

Mathemsticel softwere could and should be considersbly better than it
i8. Scome suggestions ave wade here for work aimed at lmproving the present
situstion. These comem the areas of documentation, stendards, validation,
and design. A major theme is that there is a lot of overlsp belwveen these
gress end 1T substentiszl progress L8 to be mede, @ welil-iuwardineted effort
iz necessary. A ,.fpawhwvm of good but incomsistent software is not e
degirable situstion. To achieve this coordination, e cepter devoted to
work in this aree 48 proposed.

A& carePul look et the computer literstuxe shows that the subjects of

" machine design, numericel anelysie, formal langueges, ard automare theory

have received a good deal more sttention as objects of serious study then
computer slgorithes. Another, far wore direct, way of cbserving the Llsck
of sttention to this eres 1% by looking at the softwaere library for most
carputer centers and, furtner, coosidering the money and menpower devoted
to 4t campsred with other things the center does. FEven in leading scientific

leboratories mathematicel software simply does not recelve the attention
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it should. However, there it svidence ithat tis situatios is cheinglig.
More good slgoritims are being published, the subject of validation and
testing camputler algorithme has received incrossed sotention, &l st ienat
one ccmpany,‘IMSL, 1s making 2 serious sttempt to mariket high-qualily
methemetical software. 1his 13 pertly e result of s recognition of the
high e¢ost of poor programs, ones with buge which ceuse them to fall
unexpectedly, ones thet are so poorly documented thet 1t is impossible to
understand how they are ¢o be uced, and ones that depend very strongly and
obscurely on some partiewlar sytben 0 that 1t {8 a msjor undertaking to
move then to apother system. There is also a growing recognition of the
fact that we must understand how to build very large progrems if we are 1o
effectively utilige future computers. Now it is & mejor effort to put
together & progrem of 1,000 to 5,000 statements; we can anticipste having
to deal with progrmms several orders of megnitude larger than this in the
Puture.

Some of the software problems svem to be rather dull intellectuslly:
preparation of good documentetion and design of standsrds does nut excite
the interest of most camputer scientists. However, there are some
intellectually stimulating problems even {n these aress ss will be set
’ forth beliw. The design, nnalysie, and determination of correctness
Geem tO Le more chellenging subjects than documentation end standards;
problems and suggestions for developmente in these areas are also set forth
below,

The sofiwere problems we fece are related one 4o another in obvicus
weys. Users of computer suftwere see the problems differently, of course,
than the producers wvho often would prefer not to be botheraed by the

prectical needs of users. Users would like to bave & eollection which is
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"This project 1o aimed st the production end distrivution of high-quality
mathepatlicel soltwere in sclected aress. It {2 & collsborsiive effort
involving primerily Argonns Netionel laboratory, Stenford University,

and the University of Texas. A aumber of uniwereities snd laborstories
in the U.l, und elsevhere are serving as test giten fo. the PFrogremns

¥

profuced by this effort.
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concerning scceptable bounds onm loput end output parameters, exszcution
vime, and ervor conditions needs to be awploved. Automatic determination
of strict bounds on progras pavameters is probubly lwpractical or impos-
éibl@ in most ceses, but vseful bounds way be obteinable. Automatic
determinstion of information on execution time is not wmesnt to imply
autonntic determination of convergonca vates foroisisiative processes; in
such ceses, however, 12 should bes poseible to obtsin sn execution time
for each cycle of the iteration.

DLfferent usere often vequire diffarent information sbout & program

and fnr this reason it seems useful to attempl to supply information shout

& program through a qu@ﬁ&iﬁﬁP&m&Wéﬁ process at a terminal. Under such a
system @ minimel amount of information, thet which would serve to identify
the program and be of general interest to all potentisl usexs; would be
diztributed La the conventionsl Wy § wEher ﬁnf@r@&cﬂam would be obtained
Erom queries a&‘a terminel. A system of ahi@’&yp@ properly designed could
allow em i%ﬁﬁwﬁﬁm&i'&@ asl very detailed questions about a p?ﬁgx&m, fov
example, questions sbout freguency of ezecution of parts ‘of the progrem
whan zelected inpute sre applied; execution pathe; etorage refevences; ete.
Lombined with sn editing fecility, a user could eake slterstious to the
progréem Lo eult his cavticuier ueeds.

Buch o syster could alse be uveed by designere of the documentation

im collecting and editing loformation of the second kind. For emample, a

eet of querics genevsted by the computer, such as - Author's neme? Last

@

revieien date? Refavences? -- ete., and appropriaste responses by a human

&% & terminsl would fovce the documantation intoe & particular format,

&

thus msking 1t wovre congietent. Records could be kept on the queries

. . 't
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submitted at terminals by users snd this deta could be used to expose
mroblems with the documentation,

1% is apperent that the design of & system of this type wort 2
require s major effort and to Justify the cost of productiom, it would
heve 1o be wideiy used. Ii would not be staelic, 5o & continuing meinten-

ance offort would be necessary.

STANDARDS
One of the blggest probiems essocigted with the distribution and
exchenge of software is &h@' lack of stendards for hardvare and software.
For exsmple, trausmission of & progrem from ope ingtallation to snother
by the medium of megnetic tape is often unduly compiicated becauce of
hardware or software (or both) mismatches. For this reason, and many
others, the leck of stenderds causes the waste of e lot of time and money,
a8 well as lmmeding progress. LOForts to ressclve probiems concerned with
hardvere ard software ctandexds are being wade by the fimericafn National
Stamdards Tnetitute Sectiomnsl Committee X3. Reports of subcommittiees of
the 13 Commitice sre published in various issuss of the Comunications.
A review of work in this ares to 1967 cen be found in a peper by Steel {10).
Bterdavdn .m*ee not very effective if they are not used. At vhe mament
* there dces mot sppesr to be a very effective way to force pamfacturers
Lo conform to ctenderds, especiaelly those which insure cempntibility of
their products with one anosther. We cen yeasonably enticipate that this
problen will elways be with us, bub 1te Intensity could be greatly reduced.”
Such a reduction could only be lmposed by a very lerge purcheser of
computer hardwere and goftwere, thet £s the federsl govermment, bub

whether or nrot effective progress will be made bere is far fram clear.
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Congresensn Jack Brooks has expressed some of his feelings in a letter
reprinted iu this juurnal (L1). The problem is politically charged.
Furtherwore failure to meet standards, although wasteful in human and
matovial rescurces, hes aot had dramatic direct zffects: planes do not
crash, penple do not become critiecally 411, and wo forth,

There is an activity in standavds dirvectly related in mathematical
soitware vhich zould and should be actively pursued. This is the produc-
tion of tables of values of eslementary and highey functlons in wachine
resdable form, In checking a nuserical slgorithm, say to produce Bessel
fupetion: of 8 certain type, one i3 forced %o go to a book of tables to
varlfy the aumbers. The uncerteinty of this approach is apparent. One
could ajue that such tables arc unnecedsary because very cavefully
checked standard programs could be used instead. Indeed a program may be
viewed &3 an encoding of its output, The difficuity here is that the
output ¢{ programs iz dependent on a& machine and lts assoclated software
systew :nd thie evironment 18 not constant. Perhaps it will ‘be possible
o hate programs for which the output csn be guaranteed éa be Independent
of th: snvivonsent; 1f 2o, it will not be scon, Theve have been some
iwolst d efforts to produce tables on magnetic tape, oune by a group st the
Natd ral Burcau of Standards (12), and ancrher in connection with the
NATS wrojecr ;S}. A f=ar more extensive effert is necessary. Success
regi lres such a projsct o be well coordinsted to insuvre consistency of the
mat:-ial. A cooperative effort like that which produced the Handbook of
Matzmatical Functions (13} would be appropriate,

There 4re many lesues associated with the pro&uction of standard tables

w i:h need te be resolved: precision of the tabulation, which arguments,

rme of recording {e.g., binary, decimal), and so forth. It seems



ressonable that the eguivalent of about fifty decimal places would be an
edeguite precisicn and that binery rether than decimal recording of
informetion would be appropriste., The choice of argumenis would be
wmﬁm to depend on the varistion of the function and thus might be
eorr eoted with the modulur of comtinuity; also certain ergumenis sve of
parliculer Interest, for ecxemple sargusents correspondiing to extrema and
yerivd. These fesues and related ones for the production of such tapes

aetl cereful study and agreement smucng potentiel users should be sought.

Vo [ IDATION

Users of cumputer programs need reesonsble sssurance of relisbility.
£ gt of resesrch 1o being done in the aves of proving correctness of
pyogreng:  Bome of the beut known work in thie Cield bss been done by
dsCerthy {14), McCerthy asd Painter (15), Floyd (16), Hoare (17),
vigustrs {18), exd Nawr (19,20). A bibliography of work in this area is
cdven by London {21,22). Most of thie work is rether theoretical and
sdthough of considerable importence still leeves us @m:r-: distance from
he preetlcal gosl of wvalldaling, sgy, & progrem Lo solve d;ft‘erentml
spustions. Full's work (J3) on the velidetion of mathematicsl software
i8 an exceptbion: he is avtacking dlrectly the problem of velidating
Joa s ol in} the avea of linesr algebra srd different* sl equations.

Certalin simple mossures could be taken for all programs, especlelly
these to be used by & wide comunity, which would help to estadblish welia-
bliity. One 1s %o gusrantes thet every statement in the progrem has been ™
erecuted at lesst once during the course of tests applied to it.

Providing for thic kind of informetion 15 streightforward, it being cnly

pecessary to ldontify il braaches in the jwogram end insert a compand



Ai‘f which ﬁill et an'mgyr@@xiut& Elag. A progean which dees this for Fortvan
codew, sctually ceunﬁéra rarther thap flags ave used, haz been discussed in
(2&?. Yor short programe such flag setting scatements are sasily lnzerted
by hand but such a process i prome to huwas error. In spite of the

,  gbviousness of this &iad of minimal éhaak, apd Wegstelin's comnent on this

:4{25}, not one manuscrist in move than two hundred recaived by the Algorithms

_ @éparzmunt of the Compunications in over Lwo vesve indicated that & test

of this type had been maéeg

for some simple prograwm structures, the fsct that every ststement has
been executed gt least once during the tests implles that every path through

the program has been traversed. Figure 1 fllustrates such 2 case. Figure 2

illustrates another provided that we do net distlnguish betwean one or more

traversals of a path. It should be apparent that tvee structurss have this

Qv‘ property. On the other hand, 8 simple structure like that shown. in Figure 3

o doss not have this prmpar&yé it is evident thst traversal of peths (a), (b),
N and (c) would set all flags.

’ Amother verificazion procedurs of this type ldentifies Qwavarmal of
branch pairs. Thus in Figure 3 path (8} traverses pairs i;,&} and {3,410
path (b) traverses pairs [2,3]) and [3,5); etc. These traversals can be
identified by & rransition watrix as shown in Pigure 4 where each entry is
¢ or 1 with a 1 4n the [4,1] position representing traverassl of the branch
pafr {4,3]. Ié is esvident that a verificazion procedure based on the
identification of pair traversals would not gameraily véxify that all paths
thwough & structure had been grasversad. The palr traversals genervated by
pathe (a), (b), and (c) of Figure 3 would yield the same ﬁ?aﬁaitian matrix
gn <herm din Uigore §u Borice, however, that the siwmple &fansfarmati;n

indicstnd in Figure 5 on this structure will produce one in.which traversal



of all branch pairs guarentess traversel of all paths. This trensfoarmation
is suggested by the cbwiocus fuct tﬁxa*‘; if braoches 1L and & in Figure 3 have
besn traversed, then branch } must have been traversed.

It seems evident that these idesz cep be extended in verious ways end
that they cen be exploited for the purpose of chécking computer wrograms. |
Une wvould like to be sble te obiein globel infcrmation, such as the’fuct

thet all pathe have %cem traversed in a testing procedure, froam local
thmm ranch pair traverssls, ond zo forth. The extent to which
an approach of this type can be succegsful in practice depends on the
structure of reeal programs, but unfortunately very little is known sbout
this. ven@ effort in this direction by Knuth was reported recently (26);
this was concermed primsrily with the fraquency of use of Fortren stete-
ments end expressions. Xuck et Illincis hes also been looking at the
structure of real progrims to explore more effective machine (rganizetions
for execution of these progrems.

Another ides of importance to thie area ie incwy@uz;ting a validation
procedure within the design procedure of the algorithm itself. Dijkstre {18)
has tried to explolt this idea in the construction of s progremming system.
A wore formal eppromch 18 presented in a recent report by Floyd {27) in
_ vhich an intersctive scheme for designing a coxrect program is described;
88 &n @xamplé he uses the design of @ program to locete a symbol in a
sorted table.

In the anelysis of a progrmm for the purpose of validation, it might
slmplify matters to distinguish statements »hich control the path of
execution from those which do not. Wilkes {28) calls statements in the

first group vhe outer syntax, and those in the s=cond the ilnner syntex,
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fun sletements Buch af

RS 40 10 55 iFﬁrtrﬂn} ar. goto L ; (Algol)
o am o o

B3 15 5e1,25 {m«wm} or  far ji=lstep 1 until 25 do (Algol)

Mz«mg o me outer mmtmg mﬁ, statementes such m
. “‘”” w Y4504 warnm:x) k or Leiwy + 5.0 X 25 {higol)
%m@ to the inmr ayat@x‘ Pais distinction permits Lhe anelysis of a
Wmm tc be @pm.t jnto pcawmi&l}.y nore tm%mbl@ g&iwwm Rovever
&fmmmm wch o

IF (X.17.12.5) 00 70 15 {Fortren) ~or  if x<12.5 thos do (Algod)
m%rmmce a wupmmg bmmem the inner amm auter syntex, Polots in the

wa@:rm ut Whif:l& such statcments apzmﬁr are pariiculsrly criticel points

for MMMMM m‘qmsa wga can anticipete that the difficulty in analysing

£
@

" a progrim's ’&mhm@w is c:mmmwd yﬂh ihe number ai” sush points,

In dealing with the inner syntex, the anslysis of rowndoff error
srises. This analysis can be splil into two parts. In ope part the machine

émmtmms D, 0, etc., are Teplaced by exect operatiams +, -, etc.,

%

wezmﬂm@ o i crmal rules mclm ®s

o ox@y e (x ¢yl ep)

where p is e porsmetor whoue exact vaelue {8 wnknown but satisfies an

@ EY

L

ol <&

where the number ¢ 48 known and depends on the roundol? ervar of the mwhmﬁ

“a

With theee rules and a few key thecrem#, one cen convert eipressions involve

* ing mechine operations imto expressions involving exmch operstions’ snd terme

Mm-a:é ino, whose exech value 18 ﬁmm wiksown but 1o boanded as Lo the

y.;me\ﬁzguél&.iw&bemg ' ﬁhﬂé conversion 48 parfectly stralghtforwsxd, though

i T .
" at . e



exvesdingly tedious, end could bu done by & camputer. The second perdt of
the error anelysis involves estsbliishing upper bounds on Lutermediste |
resulle, using & variety of theorems, to errive at sn erroy bound for the
finsl result of the computsnion. It 48 pot now spparent how Uiis sECOond
part could be wade sutomeilic, bul certailly the labor of the totsl process
could be simplified if st leesu the first part vere tuwrned over 10 a
machine., For a poslurisrl error estimates the second pard of the analysls
could be dropped and instesd the computer, during the course of Lhe
ealculetion, could r&%n&ﬁ the extreme for the key intermedisle resuits.
Such a procedure would appear to require less work et egecution time than
interval avithmetic or significance srithmetic, end it has the atiractive

feature of including st leest s portion of the a priori enslysis.

DESIGH

few progrems sre constantly being coustructed, but many of thace are
not new in any slgnificant way. Too olten the suthors of thego 2rograms
do not pay attention to the wark of otheres. This mey @; 2 roflection on
«he suthors; 1t is certainiy a reflection on the mechanisme Tor oomgmund-
cating programs. I =m nol referring here so much to the puhlicetion of
progroms as to the ways we have of telking about programs, and of
S describing them %o others for vericis puiposes. It is essentlisal Lo have
a listing of the progrmm for purposes of wderstending 1t but uwsuelly more
is needed. Our wesbness in comeunicating programs is evident from the fect
thet many prefer o write thelr awn,gwﬂﬁr&m rather thsen to try 1o wie amnd
understend scmeone elses. Much that could end sbould be done in lhis ares
hes been discussed above in comnection with documentstion. A releted

subject is portabiliiy, the ability to ute & progrem in aifferent



enviromeonts: different people, different software, different hardwere.

There ave simple, obvious things for wrograms writien in the standard
languazes vhich would improve thelr povtability. One i!éa o Pt ell
/’mchmew&emn&ent parameters in one place, identifly them s such, and
give s prescription for cheaging them 1f the machine cnvircoment changes.
Programs frequently have parameters which control storage allocation,
execution time, snd accuracy. Agein these chould be Lrought together,
identified, and prescripticng given for changing them which might help s
user villing to sacrifice cue for the other, sey cpeed for accuracy.

It should be possible to design same progrems in such a way thet the

ismental paremeters of speed, stoarege, and sccuracy might be ad justed
sutcmetically. No serious effcoris in this direction seem Lo have been
made. An obvious place where a scheme of this type seems practical is
in function epzraximetisn, Iet us sssume that scme function £{x) is to
be approximated by snother £(x) with exxar e{x); thue

£(x) = F(x) + €(x). ,,

Por exemple £{z) might be a ratiomal function or it might Lo « table, or
both. Consider now a formsl description of en slgorithm for the evaluation
of P{x) in which details relsted to a particuler implementation are left
unspecified; for exmmple, 42 #{x) were a rationsl function, then the
| mmeretor snd dencminator polynamials would be left unspecified. This
formal description of the nlgorithm we will call e meta-algoritim, A
program to evaluste £(x) oun a particular machine with certain conditions
on speed, storage, and accurecy is to be obtalped from the meta-algoritim
a® follows: A special kin? of compiler, eall it a mepper, would read the
weta-algoritin elony with Aate speciiying conditions on speed, storege, aod

socuracy. The mapper would rreduce as outputl elther s progrem to evaluste
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?(x}, meeling the specified comditions, ar 1t would produce & messsge

thot 1t could not produce a progran noeting the corditions. This embitfious
écheme may only be partly realizeble. It might be best done in an
interective mode so that a humen could respond to unfureseen circumstances
or circumetances that have no presently known &lgoritimic solution.

The develoment of new machinpe im'chz.tecmm; parallel processors,
pipeline processars, snd verious storage organizations leads to the
development of new algoritime which take sivantage of the archbiteciure.
There showld be more effort extended in ithe opposive direction; thet is,
£inding the best architecture for the algarithms. We sheuld in fact regard
both erchitecture and algorithns ss flexible in a ssarch for the best _
cambination for & cless of problems. Here again, we are hempered by poor
Imovledge of progrems in cumon ugse. % does cot hely a great deasl to
Mt a largs parallel processcr to work on a reactor calculation 1f only
0% of the caleulmticn is cencerned with golving A4fferential equetions on
some grid by s finite difference scheme and the remsinihg T0% 1s concerned itk
messsging date in & way thet does not exploit the efficiency ;}f a paralliel
Brocessor.

Turning ettention now to the construction of specific kinds of
, algorithms, an examination of the CALGO fndex (29) shows cbvious aress of
weakness, For exsmple, the list of slgoritims for solving integral equations
and differential equations is particulerly short. Algorithms Tor the
appraximation of functions of more then one veriable s8¢ slmost mm»mmmn&m
The algerithms for higher functions could be improved. In this connection
there hag been some discussion of the develoment of @& collection of
algcﬂ*itm; for the higher functions, analogous to and perhaps paralleling

the Handbook of Functioms (13},



SOFTWARE CENTER
A number of suggestions have been wade here for future work in the

software area, particulavly mathematical esfruave, These are divided into
four subsreas: documentation, standards, validetion, and design. There
is a strong coupling between these sreas and sny serious effort toward

the prﬁéﬁatiﬂﬁyﬁf good softupre caaget ignore this. Since the production
‘6f'39ﬁd software is difficult, exvensive, snd requires a wustained effore,
it 18 appropriate to establish a center dedicated to this efiort. Such
an idea is not new: most recently Rice {(30) has made such a suggestion:
‘ at'an earlier time J. Schwartz had proposed a ceoter for research in
Computer Science., Rice has zeniioned that software development is an
activity of low'gxafﬁssianal status and thus good pecple sro not attracted
to it. This is true but there is another reason that good people are mot
attracted to this area. Scientists would ke to believe or feel that their
work will have some impzct, presumably good. Unfortunstely, the lack of
coordination and standards {n this area meke it very likﬁly‘ahac a pexson’q
efforts in the production of goed software will go unrecogiized and unused,
except perhaps for his local ¢nviormment. This discourages che best efforts
of good people. A center which would aexve a5 @ focus for software activities
could help to overcome this problem. For example, 1f one sciivity of the
center was the development, meintenance, and dissemination of a library
of mathematical scftware then there is the potential for wide recognition
and utilizotion of the frults of an individusl's software efforts.

It does not seem that 1§ should be ne¢;ssary to point out the

advantages of such & center to software users, but here are some. A
central library for high-quality mathematical software could cut Qutu&ﬂ

enormous duplication of effort taking place now in both private and public
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installations. Resources now being wasted by duplicatlion could be turned
on the important problems of validetion and documentsiion which are now
80 negiected. The center could be used o check software generated else-
where to insure that standards of testing ard campstibility have bean
met, Finally, there is the polentially encrmous effect that such & ceaber
would have on all softwsre merely by its leadership.

Thera are certain precticel aspects of such s center that ﬁ fecl are
importent. It should ellow the easy exchenge of information and peopie.
Thus it must not be hsmupered in any way by the kind of proprietery secrecy
gssociated with private concerns. ¥urther, it must be cherged with the
¥imd of intellectual stimulation one finds at & university., ©HNo one can
give & prescription 1o guerantee this but the chances that it will be
there are greatly improved if subsiantiel efforts are wmede Lo sllow easy
exchange of people. Perhaps 50% or more of the workers st such a center
might be visitors with lony, say two y2&rs, or short, say a month, sppoint-
ments., Visitors would be 1vom universities, gﬂvernman% laboratories, snd
private industry. There ir another reason for this policy. It is antici-
pated that the facilities at such s center would e far more edtensive
and powerful then those avallable elsewhere, thus visitors would have

access to fecilities not ovherwise easily svailable to them. Of course,
same of these facilities could and should be made svailable over s
camminication network. However, such networks are very expencive, and this
will preclude golng far bevond low dmte rete terminals, such as a telelype, .
for some time in & network with meny remote stations.

It seems unlikely that funding for such & center would come fram
pnywhere tut the federal govermment. Perhaps some Manding {rom private

sources, say for fellaﬁﬁhigﬁ snd visiting vositions, might be cbtained.



*

- 16

There is the\pfa%ibilmy that software produced by this center could be
sold to recover same costs. Wnether this could or should be done is
unclear.

The proposed center is concernsd with one sres of computing,
mathematical softvare. Other arees might be included or there might be
a8 network of centers, each for a diffarent ares. The establishment of

# wathematical software center sesms like a ressonsble first etep.
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FIGURE

CAPTION
Program siructure with paths: (a) 1,2,5,; (b} 1,3,6; (¢} 1,3,4,5.
Program scructuze with psths: (a) 1.5; (b) 1,2,64,5; (¢} 1,2,3,4,5.

Program structure with paths: (a) 1,3,4; ey 2,3,5: (¢) 1,3,5;
() 2,3,4.

Transition matrix for brench pair traversals: (1,3}, (2,3],
3,41, [3,5].

Tranaformation of the structure in figure made by vemoval of branch 3.
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